Rules for integrands of the form (a + bSec[e + fx])" (A +BSec[e + fx] + CSec[e + f X] 2)

1: J(a+b5ec[e+fx])"' (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when Ab>-abB+a%2C=0

Derivation: Algebraic simplification
Basis: If Ab®-abB+a®C=0,thena+sz+cz?= % (a+bz) (bB-aC+bCz)

Rule:If a2 -b%?+0 A Ab%2-abB+a?C == 9,then

J(a+b$ec[e+fx])'" (A+BSec[e+-Fx] +CSec[e+fx]2) dx — :Tj(a+b5ec[e+fx])m+1 (bB—aC+bCSec[e+-Fx]) dx

Program code:

Int[(a_+b_.xcsce_.+f_.xx_]) m_.(A_.+B_.#csc[e_.+f_.xx_]+C_.xcsc[e_.+f_.#x_]"2),x_Symbol] :=
1/b”2xInt [ (a+b*Csc [e+‘F*x] )" (m+1) *Simp [b*B—a*C+b*C*CSC [e+f*x] ,x] ,x] /3

FreeQ[{a,b,e,f,A,B,C,m},x] & EqQ[Axb"2-axbxB+a"2xC,0]

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_.#(A_.+C_.xcsc[e_.+f_.»x_]"2),x_Symbol] :=

C/b”2+Int[ (a+bxCsc[e+fxx] )~ (m+1) xSimp[-a+bxCsc[e+fxx],x],x] /;
FreeQ[{a,b,e,f,A,C,m},x] && EqQ[Axb"2+a"2xC,0]

2. j(bSec[erFx])"' (A+BSec[e+ fx] +CSec[e+-Fx]2) dx
1. j(bSec[e+fx])m (A+CSec[e+fx]2) dx

1: J.(bSec[e+fx])'" (A+CSec[e+fx]2) dx when Cm+A (m+1) =

Derivation: Cosecant recurrence 1b witha - 0, B> 0, C > - AJ’;];“, m- 0
Derivation: Cosecant recurrence 3awitha - 0, B0, C > - A—“;;ll, m- 0

Rule:1f Cm+A (m+ 1) = 9, then



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

ATan[e+fx] (bSec[e+fx])"

J(bSec[e+fx])'"(A+CSec[e+-Fx]2)d1x—> - .

Program code:
Int[(b_.xcsc[e_.+f_.xx_])"m_.#(A_+C_.xcsc[e_.+f_.*x_]~2),x_Symbol] :=

AxCot [e+-F*x] * (b*Csc [e+f*x] ) "m/(-F*m) /3
FreeQ[{b,e,f,A,C,m},x] && EQQ[Cxm+Ax (m+1),0]

2. j(bSec[e+fx])m (A+CSec[e+fx]2) dx when Cm+A (m+1) #0

1. J(bSec[e+fx])m (A+CSec[e+-Fx]2) dx whenCm+A (m+1) #0 A ms -1

1: JSec[e+fx]’“ (A+Csec[e+fx]?) dx whenCm+A (m+1) #0 A '“;152'

Derivation: Algebraic simplification

Basis: If m € Z, then sec(z]" (A+CSec[z]?) = SAceslzlt

Cos[z]™2

Rule:If Cm+A (m+1) #+0 A ™% €7, then

JSec[e+fx]"' (A+CSec[e+fx]2) dx — J

C+ACos[e+-Fx]2
d

X
m+2

Cos[e+-Fx]

Program code:

Int[csce_.+f_.#x_]"m_.#(A_+C_.xcsc[e_.+f_.*x_]~2),x_Symbol] :=
Int[ (C+A+Sin[e+fxx]"2) /Sin[e+fxx]"(m+2),x] /;
FreeQ[{e,f,A,C},x] && NeQ[Cxm+Ax (m+1),0] && ILtQ[(m+1)/2,0]



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

2: J(bSec[e+fx])m (A+CSec[e+fx]2) dx when Cm+A (m+1) #0 A ms -1

Derivation: 7?7?

Rule:lf Cm+A (m+1) #0 A m< -1,then

ATan[e+fx] (bSec[e+Ffx])" cm+A (m+1)
+

j(bSec[e+fx])m(A+CSec[e+-Fx]2)dlx—) - .

Program code:

Int[(b_.xcsc[e_.+f_.*x_]) m_.#(A_+C_.xcsc[e_.+f_.*x_]~2),x_Symbol] :=
A*Cot[e+f*x]*(b*Csc[e+f*x])Am/(f*m) +
(Cxm+A% (m+1) ) / (b~2xm) »Int [ (bxCsc[e+fxx])~(m+2),x] /;
FreeQ[{b,e,f,A,C},x]| && NeQ[Cxm+Ax (m+1),0] && LeQ[m,-1]

b2m

j(b Sec[e + f x| )'"+2 dx



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

2: j(bSec[e+fX])m (A+CSec[e+-Fx]2) dx whenCm+A (m+1) #0 A m¢ -1

Derivation: Cosecant recurrence 1b witha -9, B—-0, m—> 0
Derivation: Cosecant recurrence 3awitha -0, B->0, m > 0

Rule:lf Cm+A (m+1) £0 A m¢ -1, then

CTan[e+fx] (bSec[e+fx])" Cm+A (m+1)
+

J(bSec[e+fx])m (A+Csec[e+fx]?) ax —

J(bSec[e+fx])mdx

f (m+1) m+1

Program code:
Int[(b_.xcsc[e_.+f_.*x_]) m_.#(A_+C_.xcsc[e_.+f_.*x_]~2),x_Symbol] :=
-CxCot [e+f*x] * (b*Csc [e+f*x] )"m/(f* (m+1) ) +

(Cxm+A% (m+1)) / (m+1) xInt[ (bxCsc[e+Fxx] ) m,x] /;
FreeQ[{b,e,f,A,C,m},x] && NeQ[Cxm+Ax (m+1),0] & Not[LeQ[m,-1]]

2: J(bSec[e+fx])m (A+Bsec[e+fx| +CSec[e+-Fx]2) dx

Derivation: Algebraic expansion

Rule:

J(bSec[e+fx])m (A+BSec[e+fx] +CSec[e+fx]?)dx — EJ(bSec[e+fx])m’1d1x+J(bSec[e+fx])m (A+Csec[e+ fx]?) dx

Program code:

Int[(b_.xcsc[e_.+f_.xx_])"m_.#(A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.»x_]*2),x_Symbol] :=
B/bxInt [ (b*Csc [e+f*x] )" (m+1) ,x] + Int [ (b*Csc [e+'F*x] )"m* (A+C*Csc [e+‘F*x] "2) ,x] /3
FreeQ[{b,e,f,A,B,C,m},x]



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

3: J(a+b5ec[e+fx]) (A+BSec[e+fx] +CSec[e+-Fx]2) dx

Derivation: Algebraic expansion, nondegenerate secant recurrence 1b with
c->0,d->1,A-ac,B-bc+ad, C>bd, m>m+1, n- 0, p— 0andalgebraic simplification

Basis:A+Bz+Cz2= “42° L A+ B2

Rule:

J(a+b$ec[e+fx]) (A+BSec[e+fx] +Csec[e+Ffx]?) dx —

%J(a+b5ec[e+fx]) (dSec[e+fx])2d1x+J(a+b5ec[e+fx]) (A+BSec[e+fx])dx —

bCSec[e+fx]Tan[e+-Fx] 1 ,
p +;j(2Aa+ (2Ba+b (2A+C)) Sec[e+fx] +2 (aC+Bb) Sec[e+fx]|") dx
2

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])#(A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.xx_]"2),x_Symbol] :=
-bxCxCsc [e+f*x] *Cot [e+f*x]/(2*f) +
1/2xInt [Simp [Z*A*a+ (2xBxa+bx (2xA+C) ) xCsc [e+'F*X] +2x (axC+Bxb) *Csc [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,e,f,A,B,C},x]

Int[(a_+b_.xcsc[e_.+f_.»x_])*(A_.+C_.xcsc[e_.+f_.»x_]"2),x_Symbol] :=
-bxCxCsc [e+f*x] *Cot [e+f*x]/(2*f) +
1/2xInt [Simp [Z*A*a+b* (2%xA+C) *Csc [e+'F*X] +2xaxCxCsc [e+'F*X] "Z,X] ,X] /3
FreeQ[{a,b,e,f,A,C},x]



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

A+BSec[e+-Fx] +CSec[e+-Fx]2
4:J dx

a+bSec[e+-Fx]

Derivation: Algebraic expansion

Basjs: AtBz+C2z2 __ Cz , Ab+(bB-aC)z

a+b z b b (a+b z)
Rule:
A+BSec[e+1:x]+CSec[e+1‘=x]2 C 1 ~Ab+ (bB-aC) Sec[e+fXx]
f dx — —jSec[e+fx]dx+—J dx
a+bSec[e+-Fx] b a+bSec[e+-Fx]

Program code:

Int[(A_.+B_.xcsc[e_.+f_.xx_]+C_.xcsc[e_.+f_.#x_]"2)/(a_+b_.xcsc[e_.+f_.+x_]),x_Symbol] :=
C/bxInt[Csc[e+fxx],x] + 1/bxInt[(Axb+(bxB-axC)xCsc[e+fxx] )/(a+b*Csc [e+fxx]),x] /;
FreeQ[{a,b,e,f,A,B,C},x]

Int[(A_.+C_.xcsc[e_.+f_.xx_]*2)/(a_+b_.xcsc[e_.+f_.xx_]),x_Symbol] :=
C/bxInt [Csc [e+f*x] ,X] + 1/bxInt [ (A*b—a*C*Csc [e+f*x] )/(a+b*Csc [e+f*x] ) ,X] /3
FreeQ[{a,b,e,-F,A,c},x]



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

5. J(a+b5ec[e+fx])'" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2 -b%=-0

1: J(a+b$ec[e+fx])m (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2 -b%:==0 A m<—%

Derivation: Algebraic expansion, singly degenerate secant recurrence 2b withA - 1, B - 0, p — 0 and algebraic
simplification

Basis: If a? — b? == ©,thena+Bz+cz? - 2AbB:ac, (abz) (bB-aCibCa)

a b2

Rule: If a> - b% == @ A m< -2, then

J(a+b$ec[e+fx])"‘ (A+BSec[e+fx] +CSec[e+fx]?) dx —

-b C 1
uJ\(a+b5ec[e+1°x])mdlx+b—2J(a+b$ec[e+1‘x])m‘1 (bB-aC+bCsec[e+fx])dx —
a
(aA-bB+aC) Tan[e+fx]| (a+bSec[e+fx])"
af (2m+1) "
1 m+1
———————JXa+bSu[e+fx” (Ab (2m+1) + (bB (m+1) -a (A (m+1) -Cm)) Sec[e+ fx]) dx
ab((2m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(A_.+B_.+csc[e_.+f_.#x_]+C_.*csc[e_.+f_.xx_]"2),x_Symbol] :=
—(a*A—b*B+a*C)*Cot[e+f*x]*(a+b*Csc[e+f*x])Am/(a*f*(2*m+1)) +
1/ (axbx (2xm+1) ) *Int [ (a+b*CSC [e+'F*X] ) A(m+1) *Simp [A*b* (2xm+1) + (bxB* (m+1) -ax (Ax (m+1) -Cxm) ) *Csc [e+'F*X] ,X] ,X] /3
FreeQ[{a,b,e,f,A,B,C},x] & EqQ[a"2-b"2,0] && LtQ[m,-1/2]

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(A_.+C_.xcsc[e_.+f_.*x_]~2),x_Symbol] :=
-a% (A+C) xCot [e+fxx]+ (a+bxCsc[e+fxx]) m/ (asfx (24m+1)) +
1/(a*b*(2*m+1))*Int[(a+b*Csc[e+f*x])A(m+1)*Simp[A*b*(Z*m+1)—a*(A*(m+1)—C*m)*Csc[e+f*x],x],x] /5
FreeQ[{a,b,e,f,A,C},x] && EqQ[a"2-b"2,0] && LtQ[m,-1/2]



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

2: J(a+bSec[e+fX])"‘ (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2 -b2==0 A m{—%

Derivation: Nondegenerate secant recurrence 1b withp - @ and a2 - b? == @

Derivation: Algebraic expansion and singly degenerate secant recurrence 2cwithA->c, B->d, n->n+1, p-> 0
Basis:A+Bz+Cz2==Cz2+A+Bz

Rule:If a® - b? == @ A m« -2, then

j(a+b$ec[e+fx])'" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx —

Cj(a+bSec[e+-Fx])'"Sec[e+-Fx]2d1x+J(a+b5ec[e+fx])'"(A+BSec[e+-Fx])dlx -

CcT f bs £x])"
anfe+ fx] (a+bsecferfx]) + ! J(a+bSec[e+-Fx])m(Ab(m+1)+(aCm+bB(m+1))Sec[e+-Fx])d1x
f(m+1) b (m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_.#(A_.+B_.xcsc[e_.+f_.xx_]+C_.xcsc[e_.+f_.*x_]"2),x_Symbol] :=
-CxCot [e+'F*x] * (a+b*Csc [e+f*x] ) "m/(f* (m+1) ) +
1/ (bx (m+1) ) »Int[ (a+bxCsc[e+Ffxx]) mxSimp [Axbx (m+1) + (axCxm+b#Bx (m+1)) xCsc[e+fxx],x],x] /;
FreeQ[{a,b,e,f,A,B,C,m},x] && EqQ[a~2-b"2,0] && Not[LtQ[m,-1/2]]

Int[(a_+b_.xcsce_.+f_.xx_]) m_.(A_.+C_.*csc[e_.+f_.xx_]"2),x_Symbol] :=
-CxCot [e+f*x] * (a+b*Csc [e+f*x] ) "m/(-F* (m+1) ) +
1/ (bx (m+1)) xInt [ (a+b*Csc [e+f*x] ) Am%Simp [A*b* (m+1) +axCxmxCsc [e+f*x] ,x] ,x] /3
FreeQ[{a,b,e,f,A,C,m},x] & EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]]



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

6. J(a+b5ec[e+fx])"' (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2 -b%#0
1. J(a+b5ec[e+fx])m (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2-b2#0 A 2meZ

1: J(a+b$ec[e+fx])'" (A+Bsec[e+fx] +CSec[e+-Fx]2) dx when a2-b%#0 A 2mez*

Derivation: Nondegenerate secant recurrence 1b withp - @

Rule: If a2 -b%? +0 A m > 0, then

J(a+b5ec[e+fx])"' (A+BSec[e+-Fx] +CSec[e+fx]2) dx —

CTan[e+-Fx] (a+b5ec[e+-Fx])m

+

f(m+1)
1

J.(a+bSec[e+-Fx])""1 (aA(m+1) + ((Ab+aB) (m+1) +bCm) Sec[e+fx]| + (bB (m+1) +aCm) Sec[e+fx]2) dx
m+1

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_.#(A_.+B_.xcsc[e_.+f_.xx_]+C_.xcsc[e_.+f_.*x_]"2),x_Symbol] :=
-CxCot[e+fxx] » (a+bxCsc[e+fax]) m/ (fx (m+1)) +
1/ (m+1) »Int[ (a+bxCsc[e+fxx] )~ (m-1) »
Simp [a*A* (m+1) + ( (Axb+a*B) x (m+1) +b*xCxm) *Csc [e+'F*x] + (b*xB% (m+1) +axCxm) xCsc [e+'F*X] "Z,X] ,X] /3
FreeQ[{a,b,e,f,A,B,C},x] & NeQ[a"2-b"2,0] && IGtQ[2m,0]

Int [ (a_+b_. *CSC [e_. +f_. *x_] ) Am_.* (A_. +C_.*csc [e_. +f_. *x_] "2) ,x_Symbol] 3=

-CxCot [e+f*x] * (a+b*CSC [e+f*x] ) "m/(f* (m+1) ) +

1/ (m+1) +Int[ (a+bxCsc[e+fxx])~ (m-1) xSimp[axAx (m+1) + (Axbx (m+1) +bxCxm) +CsC[e+Fxx]| +axCxmxCsc [e+Fxx]~2,x],x] /;
FreeQ[{a,b,e,f,A,C},x]| && NeQ[a"2-b"2,0] && IGtQ[2#m,0]

2. J(a+b$ec[e+fx])"‘ (A+Bsec[e+fx| +CSec[e+fx]2) dx when a2-b2#0 A 2mez-



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

. J\A+BSec[e+-Fx]+CSec[e+fx]2

\/a+bSec[e+fx]

dx when a2-b%2#0

Derivation: Algebraic expansion
Basis:A+Bz+Cz?==A+ (B-C)z+Cz (1+2)
Rule: If a? - b? # 0, then
JA+BSec[e+fX] +CSec[e+fx]Zdlx B J*A»f (B-C) Sec[e+ fx] dIMCJSec[eﬂcX] (1+sec[e+fx]) 5

\/a+bSec[e+fx] \/a+bSec[e+fx] \/a+bSec[e+fx]

Program code:

Int [ (A_. +B_.xcsc [e_. +f_. *x_] +C_.*CScC [e_. +f_. *x_] "2)/Sqrt [a_+b_. *CSC [e_. +f_. *x_] ] ,x_Symbol] g
Int [ (A+(B-C) *Csc[e+fxx])/Sqrt[a+bsCsc[e+fxx]],x] + CxInt[Csc[e+fsx](1+Csc[e+fxx])/Sqrt[a+bsCsc[e+fxx]],x] /;
FreeQ[{a,b,e,f,A,B,C},x] & NeQ[a"2-b"2,0]

Int[(A_.+C_.xcsce_.+f_.+x_]~2)/sqrt[a_+b_.+csc[e_.+f_.xx_]],x_Symbol] :=
Int[ (A-CxCsc[e+fxx])/Sqrt[a+bsCsc[e+fxx]],x] + CxInt[Csc[e+fxx]x(1+Csc[e+fxx])/Sqrt[a+bxCsc[e+fxx]],x] /;
FreeQ[{a,b,e,-F,A,C},x] && NeQ[a”2-b”2,0]

2: J(a+b5ec[e+fx])"‘ (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b?2#0 A 2meZ A m< -1

Derivation: Nondegenerate secant recurrence 1c withp — @
Rule:If a2-b?+0 A 2mezZ A m< -1,then

J(a+b5ec[e+fx])'" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx —

(Ab*-abB+a?C) Tan[e+-Fx] (a+bSec[e+-Fx])'"+1
- +

af (m+1) (a%-b?)

~I-(a+bSec[e+-Fx])““1-

1

a (m+1) (a%-b?)

X

10



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

(A(a*-b*) (m+1) -a (Ab-aB+bC) (m+1) Sec[e+fx]+ (Ab>-abB+a’C) m+2)5u[e+fxr)dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(A_.+B_.+csc[e_.+f_.#x_]+C_.#csc[e_.+f_.xx_]"2),x_Symbol] :=
(Axb”2-axbxB+a”2xC) xCot [e+'F*X] * (a+b*Csc [e+f*x] )" (m+1)/(a*f* (m+1) » (a”2-b"2) ) +
1/ (ax (m+1) » (a*2-b"2) ) #Int [ (a+bxCsc[e+fxx] )" (m+1) *
Simp [A# (a"2-b"2) x (M+1) ~a* (Axb-axB+bxC) » (M+1) xCSc [e+Ffxx] + (Axb"2-axbxB+a”2xC) » (m+2) xCsc [e+Fxx]|~2,x],x] /;
FreeQ[{a,b,e,f,A,B,C},x] & NeQ[a"2-b"2,0] && LtQ[m,-1]

Int[(a_+b_.xcsce_.+f_.xx_]) m_# (A_.+C_.xcsc[e_.+f_.»x_]~2),x_Symbol] :=
(Axb”2+a”2xC) xCot [e+f*x] * (a+b*Csc [e+f*x] )" (m+1)/(a*-F* (m+1) % (a”~2-b"2) ) +
1/ (ax (m+1) » (a”2-b"2) ) #Int [ (a+bxCsc[e+fxx] )" (m+1) =
Simp [A* (a”"2-b”2) x (m+1) —a*xb* (A+C) * (m+1) xCsc [e+-F*x] + (Axb"2+a”2xC) * (m+2) *Csc [e+-F*x] "2,X] ,X] /5
FreeQ[{a,b,e,f,A,C},x] && NeQ[a"2-b"2,0] && IntegerQ[2sm] && LtQ[m,-1]

2: j(a+b5ec[e+fx])m (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2-b2#0 A 2m¢Z

Derivation: Algebraic expansion

Basis: A+ Bz + C z? == Abs(b3-aliz, Cz(abz)

Rule:If a2-b%2 +0 A 2m ¢ Z,then
J(a+b$ec[e+fx])"‘(A+BSec[e+fx]+CSec[e+fx]2) dx —

%J(a+b5ec[e+fx])"' (Ab+ (bB-acC) Sec[e+fx]) dx+EJSec[e+fx] (a+bSec[e+-Fx])"'+1d1x

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(A_.+B_.xcsc[e_.+f_.#x_]+C_.*csc[e_.+f_.xx_]~2),x_Symbol] :=
1/bxInt [ (a+bxCsc[e+fxx]) mx (Axb+ (bxB-axC) xCsc[e+Ffxx]),x] + C/bxInt[Csc[e+Ffxx]x(a+bxCsc[e+fxx])"(m+1),x] /;
FreeQ[{a,b,e,f,A,B,C,m},x| & NeQ[a*2-b"2,0] && Not[IntegerQ[2+m]]

11



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(A_.+C_.xcsc[e_.+f_.*x_]~2),x_Symbol] :=
1/bxInt [ (a+b*Csc [e+f*x] ) m* (A*b—a*C*Csc [e+f*x] ) ,x] + C/bxInt [Csc [e+'F*x] * (a+b*Csc [e+'F*x] ) A (m+1) ,X] /3
FreeQ[{a,b,e,f,A,C,m},x] & NeQ[a"2-b"2,0] && Not[IntegerQ[2xm]]

Rules for integrands of the form (a (bSec[e + fx])P)™ (A+BSec[e + fx] + CSec[e + f x]?)

1: j(bCos[e+fx])m (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx whenm¢ z

Derivation: Algebraic normalization

b2 (C+BCos[z]+ACos[z]?)
(bCos[z])?

Basis: A + BSec[z] +CSec[z]? ==

Rule: If m ¢ Z, then

J(bCos[erFx])"' (A+BSec[e+fx] +CSec[e+Ffx]?) dx — sz(bCos[e+fx])m'2 (C+BCos[e+fx] +ACos[e+fx]?) dx

Program code:

Int[(b_.xcos[e_.+f_.xx_])"m_x(A_.+B_.xsec[e_.+Ff_.#x_]+C_.+sec[e_.+f_.#x_]~2),x_Symbol] :
b*2xInt [ (b*COS [e+f*x] ) A(m-2) * (C+B*COS [e++'*x] +AxCos [e++'*x] "2) _,X] /3
FreeQ[{b,e,f,A,B,C,m},x] & Not[IntegerQ[m]]

Int[(b_.#sin[e_.+f_.xx_])~m_x(A_.+B_.xcsc[e_.+f_.#x_]+C_.xcsc[e_.+f_.#x_]"2),x_Symbol] :
b”2xInt [ (b*Sin [e+f*x] )" (m-2) » (C+B*Sin [e+‘F*x] +A%Sin [e+'F*x] "2) ,x] /3
Fr‘eeQ[{b,e,f,A,B,C,m},x] && Not[IntegerQ[m]]

Int[(b_.xcos[e_.+f_.xx_])"m_x(A_.+C_.#sec[e_.+f_.*x_]~2),x_Symbol] :=
br2+Int[ (bxCos[e+fxx])~ (m-2) » (C+AxCos [e+fxx]|~2),x] /;
FreeQ[{b,e,f,A,C,m},x]| && Not[IntegerQ[m]]
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Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

Int[(b_.*sin[e_.+f_.%x_])~m_x(A_.+C_.xcsc[e_.+f_.+x_]~2),x_Symbol] :=
b”2xInt [ (b*Sin [e+f*x] ) A(m=-2) (C+A*Sin [e+‘F*x] "2) ,X] /3
FreeQ[{b,e,f,A,C,m},x]| && Not[IntegerQ[m]]

2: J(a (bsec[e+fx])?)" (A+BSec[e+fx] +CSec[e+fx]2) dx whenm¢ z

Derivation: Piecewise constant extraction

a (bSec[e+fx])P)" )
(bSec[e+fx])"P

Basis: Oy +
Rule: If m ¢ Z, then
J\(a (bSec[e+-Fx])")"I (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx —

aIntPar‘t[m] (a (b Sec [e " fx])p)Fr‘acPar't[m]

(bsec[e+fx])pFr'acPar‘t[m]

J(bSec[ewa])'"p (A+BSec[e+ fx] +CSec[e+-Fx]2) dx

Program code:

Int[(a_.»(b_.#sec[e_.+f_.xx_])~p_)~m_«(A_.+B_.xsec[e_.+f_.»x_]+C_.xsec[e_.+f_.»x_]"2),x_Symbol] :
a~IntPart[m] « (a* (bxSec[e+fxx])~p)~FracPart [m]/(b*Sec [e+fxx])~ (pxFracPart[m])
Int [ (bxSec[e+fxx] )~ (mxp)  (A+BxSec[e+fxx]+CxSec[e+fxx]|2),x] /;
FreeQ[{a,b,e,f,A,B,C,m,p},x| && Not[IntegerQ[m]]

Int[(a_.»(b_.#cscle_.+f_.xx_])"p_)~m_«(A_.+B_.xcsc[e_.+f_.xx_]+C_.xcsc[e_.+f_.xx_]"2),x_Symbol] :
a~IntPart[m] « (ax (bxCsc[e+fxx])~p)~FracPart[m]/(bxCsc[e+fxx])~ (p*FracPart[m])
Int[ (bxCsc[e+fxx])~ (mxp) » (A+BxCsc[e+fxx]| +CxCsc[e+fxx]"2),x] /;
FreeQ[{a,b,e,f,A,B,C,m,p},x]| && Not[IntegerQ[m]]

Int[(a_.»(b_.+sec[e_.+f_.xx_])"p_)~m_x(A_.+C_.xsec[e_.+f_.xx_]"2),x_Symbol] :=
a~IntPart[m] « (ax (bxSec[e+fxx])~p)~FracPart[m] /(bxSec[e+fxx])~ (p*FracPart[m])
Int[ (bxSec[e+fxx] )~ (mxp) « (A+CxSec[e+fxx]|2),x] /;
FreeQ[{a,b,e,f,A,C,m,p},x] && Not[IntegerQ[m]]



Rules for integrands of the form (a+b sec(c+d x))~"m (A+B sec(c+d x)+C sec(c+d x)"2)

Int[(a_.»(b_.xcsc[e_.+f_.xx_])~p_) m_« (A_.+C_.xcsc[e_.+f_.xx_]~2),x_Symbol] :=
a~IntPart[m] « (ax (bxCsc[e+fxx])~p)~FracPart[m]/(bxCsc[e+fxx])~ (pxFracPart[m])
Int[ (bxCsc[e+fxx] )~ (mxp)  (A+CxCsc[e+fxx]|2),x] /;
FreeQ[{a,b,e,f,A,C,m,p},x] & Not[IntegerQ[m]]
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